problem. With the introduction of the stiffness performance evaluation index, we calculate the value of the stiffness index for evaluating the performance of each layout point. Based on this quantization criteria, it's easy to choose a position for robot installation with high stiffness. Then pose optimization can be carried out in the selected position. However, from research results in the literature, the layout of the impact of stiffness is often omitted. In a multi-robot workcell, Long Tao (Tao and Liu, 2011) proposed a method which defined the work space of a robot as a sector region and transformed the layout problem into a nonlinear programming problem. The study described in (Zhang and Qi, 2008) and in (Jian and Ai, 2009 ) focused on the layout optimization for a robot workcell based on the genetic algorithm and virtual engineering method, respectively. Of course, research investigations exist which contain the stiffness problem in their works (Chen, et al., 1998 and Chen, 2001 ).
Many studies have been carried out on the robot stiffness for industrial applications. Dumas (Dumas et al., 2011 ) introduced a robust and fast procedure that can be used to identify the joint stiffness values of any six-revolute serial robot. Cheng (CHENG et al., 2010) realized the redundant degrees of freedom with the position errors of objects. Furthermore, D Gué rin (Gué rin et al., 2014) and G Alici (Alici and Shirinzadeh, 2005) proposed two methods for selecting the optimal measurement pose for joint stiffness identification. The accuracy of the model established by different methods was not the same. In (Howard et al, 1998) , by considering robot arms as flexible links, deformation was obtained with some unavoidable errors. In the work of Shih-Feng Chen (Chen and Kao, 2000) , the conservative congruence transformation was derived which can be used to obtain the precise joint and Cartesian stiffness matrices of a robot. Moreover, researchers have used the properties of the stiffness matrix to put forward the stiffness performance index. For example, Zhao Yanzhi (Zhao et al., 2000) used the influence coefficient method to define the stiffness performance evaluation index. According to the present researches on stiffness, we put forward a pose optimization method base on genetic algorithm to further improve the stiffness performance after the layout analysis.
Since the key to improve the stiffness performance is to choose a good operational pose over the workspace, the optimization problem can also be attributed to the global search problem. The genetic algorithm (Vasundara et al., 2014 ) is a global search techniques and is commonly used to generate high-quality solutions to optimization and search problems. In this sense, genetic algorithm can be used to solve the robot pose optimization problem. Taking the stiffness performance as the fitness score, the solution of genetic algorithm is maximizing the stiffness performance.
The stiffness performance of a robot grinding system based on KR_15 KUKA is discussed in this paper. We analyzed the influence of the contact angle on the deformation of the robot and obtained a law for the rational layout. In Section III, by taking Rayleigh (Liu et al., 2000) as the evaluation index, we establish a relationship between the layout and the stiffness. In Section IV, genetic algorithm method is introduced to solve the robot pose optimization problem. The fitness function and the constraint conditions of optimization is established to get the optimal robot configuration. Lastly, we verify the validation of the optimal result in Section V.
Robot Static Stiffness Modelling
This article investigates the stiffness characteristics of KUKA KR15 robot. The corresponding joint and link parameters are known as D-H parameters and are summarized in Table 1 for following numerical calculation. Fig. 1 (a) shows the simplified robot grinding system which fundamentally consists of the holding robot, workpiece and grinding tool. Fig. 1 (b) shows the stiffness model used for the static stiffness analysis. In this work, we assume that all links are rigid bodies. In this context, only the joint stiffness is counted for the operation stiffness to make the formula more concise. Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) For the sake of simplicity, we suppose the stiffness of the whole drive system is concentrated on the joint. According to the principle of equivalent conversion, we replace the flexible joints with equivalent torsional spring. In this mode, the stiffness of the ith joint is expressed by the spring constant, and the robot joint stiffness is expressed as a diagonal matrix:
The robot Jacobian matrix is recorded as J which can be obtained through the method in (Lenarcic, 1983) . We can obtain the mapping relationship between operational stiffness and joint stiffness:
where K denotes the stiffness matrix expressed at the end point and is also called the operational stiffness matrix. According to equation (2), force and displacement are expressed as
where   What we obtain above is the traditional static stiffness model of serial manipulator, which indicates how joint stiffness maps to the operation stiffness. As seen, the operation of the robot stiffness is dominantly influenced by the joint stiffness and the robot posture. The calculated stiffness properties provide a clear guidance for selecting a reasonable machining posture.
Layout Based on Robot Stiffness Performance Index

Relationship of Stiffness Performance and Layout
A typical robot processing system fundamentally requires the cooperation of the robot and processing tools. This Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) leads to a series of problems regarding the relationship between the two members. Among these problems, the relative position between the robot and grinding tool, which plays a vital role in the performance of the whole processing system, attracts our attention. For this reason, the layout problem of this paper will focus on the relative position between the robot and the grinding tool. For a settled position, due to contact constraints of the grinding tool and the workpiece, the robot's pose optimization will converge eventually; otherwise, we must search in the whole robot working space for a better pose and usually we cannot obtain the desired result. Therefore, it is necessary for the processing system to make a reasonable spatial distribution. In this case, the robot system can maintain a good stiffness performance, avoiding poses which have extremely negative effects on the comprehensive performance. As shown in Fig. 2 is four sets of robot with different contact angles, we can see the variation of robot deflection when the distance between the robot and the tool changed. Since the size of workpiece can't be neglected, the deflection of contact point is different from that of robot end-effector. Robot tool coordinate frame {B} and the object coordinate frame {C} is established as shown in Fig.3 . The size of workpiece is expressed in the form of vector P. Both force and deflection of point B are transformed to point C.
The external force is applied at the origin of the coordinate frame {C}, and the force transformed into coordinate frame {B} can be obtained by the static equilibrium equation: 
where I is an identity matrix;
is a screw matrix which is explained in details in (Craig, 2005) . By replacing the displacement and force of B point into equation (3), the corresponding equations of deflection are expressed as follows:
Since the scalar results are easier to compare, the linear displacement components are transformed as follow:
where Dx, Dy, Dz is the linear displacement component of vector D. Then we calculate the deflection with the joint stiffness (6.88e+5, 6.88e+5, 3.78e+05, 2.12e+05, 8.14e+04, 3.10e+04) (Nm/rad). Fig. 4 shows the deflection of four sets of experiments with the different contact angles we set above. At the same distance, the deformation with different attaching angles has the same status in their respective groups, e.g., the deflection at a distance of 1150 mm is in the fourth position of each group. Therefore, without considering the impact of pose changes, we can compare the stiffness performance of each position with grinding angle fixed. The method of fixed contact angle is a rough stiffness analysis approach, but it limited the pose optimization in the scope of high stiffness. More specific stiffness enhancement can be achieved in optimization part. Based on the inference above, we choose one typical posture and analyse the changes of stiffness performance with varying layout and find the best one for the robot grinding application.
Fig. 4 Deflection of robot under different contact angles
Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) 
Acquisition of appropriate distance
The calculated stiffness matrix is the expression of the stiffness performance, but it belongs to a tensor which cannot directly determine whether the stiffness performance is good or bad. Therefore, we should choose one kind of stiffness performance evaluation index, through which we can quantitatively show the stiffness performance. There are mainly three robot stiffness performance evaluation indices: Rayleigh quotient (Carbone et al., 2006) , force ellipsoid method (chiacchio et al., 1997) , and stiffness ellipsoid method. As we do not ultimately determine the robot configuration in each position, the force in layout section is not the final processing force. To choose a reasonable layout, we select the overall stiffness performance as evaluation index. The force ellipsoid and stiffness ellipsoid are not suitable for this step due to their force dependent properties. However, the Rayleigh quotient, which represents the required force to produce a unit deformation, is in line with these conditions. Fig. 5 shows that position coordinate frame {A} is attached to the base of the robot and coordinate frame {D} is fixed to the base of grinding tool. The coordinate frame {B} is attached to the end of robot and the coordinate frame {C} is attached to the object holding by robot. In this work, we define the distance between the grinding tool and robot as L and the relative angle as θ．By continuing to change the relative angle and distance, we can obtain the value of the Rayleigh quotient in each position point．For the whole working space, the position of the minimum Rayleigh is the weakest position in which the robot is easily deformed by the external force. This paper starts from the Rayleigh quotient and finds the relevancy of the stiffness properties and layout. According to each element's unit, we can divide the end effector's stiffness matrix into four symmetric parts:
where fd K is the sub stiffness matrix with respect to force and linear displacement; f K  is the sub stiffness matrix with respect to force and angular displacement; nd K is the sub stiffness matrix with respect to moment and linear displacement; n K  is the sub stiffness matrix with respect to moment and angular displacement. If the grinding particles is always attached to the grinding surface, the force between the workpiece and the grinding tool is balanced. Thus, there is no torque between the workpiece and grinding tool due to the point contact. Grinding particles detachment is not the focus of this paper, so we get the expression as follows: 
Then, the Rayleigh quotient is introduced to represent the square of the force vector and the square of the deformation vector. Through this we can obtain the special Rayleigh quotient for the stiffness matrix.
, the result is the Rayleigh quotient of the stiffness matrix:
The above formula is the value of the force required to produce a unit deformation. The larger the Rayleigh quotient, the larger the force required to generate a unit deformation. In other words, the ability of the structure to resist deformation is stronger. Therefore, we can select the minimum eigenvalue of the matrix as an evaluation of the robot end effector stiffness performance index.
The grinding tool is placed on a platform 0.18m off the ground. The distance between the center of the robot base and the center of the grinding tool varies from 850 mm to 1500 mm. For the purpose of arbitrarily, we choose the third group in Fig.2 which set the contact angle to 60° for stiffness analysis. Then we get the result as shown in Fig.6 and Fig.7 . It shows the robot stiffness Rayleigh quotient curve in the space plane, and the curve can be evaluated in each position.
According to the results shown below, it is easy to obtain the change rule of stiffness. Due to the grinding surface constraints, the grinding plane of the workpiece is parallel to the grinding plane. To meet this constraint, only the first joint is able to move when we change the relative angle θ with a fixed distance. This is also why the shape of the Rayleigh quotient is similar to a funnel. Under these circumstances, the value Rayleigh quotient is reduced when the distance is reduced, which means the stiffness properties gradually change for the better. Then we can choose a rational position according to plant requirements. Of course, when the relevant parameters of the robot and the grinding tool are changed, the stiffness performance may differ from shown in Fig.6 . Using the method proposed above, the stiffness analysis can be carried out for different conditions and plant requirements, then the stiffness performance distribution map can be obtained for robot layout.
Fig. 6 Rayleigh quotient value in all positions
Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) Fig. 7 The rational range for layout
Optimal Robot Joint Configuration
Since we have determined the relative position between the robot and the processing platform in the last section, we need to find the optimal joint configuration for the grinding operation next. By the rules mentioned above, when we change the pose for grinding, the grinding force will be changed at the same time. Thus, the effect of force should be considered this time to fully investigate this optimal problem. Now that the force is included, we need to define another stiffness performance index to solve this problem. An important characteristic of the robotic stiffness matrix is the stiffness ellipsoid, the shaft length of stiffness ellipsoid represents the deformation caused by a unit force in different directions. Each pose of the robot is accompanied by a stiffness ellipsoid and we can obtain the length of the semi-axis which indicates the stiffness performance in force direction.
Determination of the optimization objectives
When the layout is determined, each contact point represents a specific robot pose and a corresponding stiffness ellipsoid as shown in Fig.8 (a) . This picture illustrates a set of stiffness ellipsoid accompanied with different robot poses, and the stiffness ellipsoid represents the stiffness condition of a specific operational pose. The relationship between the grinding force and the stiffness ellipsoid is shown in Fig. 8 (b) . In this figure, the red arrow is the grinding force and its direction is represented by the vector n (cosα, cosβ, cosγ). The arrow will generate intersection point "a" with the ellipsoid surface along the direction of the force. The length of black arrow which points from the origin of ellipsoid to point "a" represents the stiffness performance in the force direction and then we take the length n  as the optimal object to find the optimal joint configuration. Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) The ellipsoid of stiffness is established by a method similar to the force ellipsoid. We assume that there is a unit force acting on the workpiece. Then we can obtain the follow expression:
Introducing the eigenvalue of the stiffness matrix ( 1  , 2  , 3  ) into the ellipsoid formula:
The two coordinates meet the following conversion relationships and the transformation matrix R is composed of the characteristic vectors of the stiffness matrix.
The above conversion relation can be expressed in a formula form. The transformation matrix R is composed of three characteristic vectors which correspond to three eigenvalues i  ( i = 1,2,3 ). 
Eq. (14) can be rewritten as follows: 
The end stiffness ellipsoid is obtained in the Cartesian space coordinate system. Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017)   2 2 2 cos cos cos
where cos cos cos cos cos cos
, and the length of the semi major axis in the force direction can be obtained by the model formula of the space vector n t   .
Optimal robot configuration for the grinding system
Genetic algorithm (Abu et al., 2007) is based on the theory of natural selection and genetics. First step of genetic algorithm is to design the optimization variables. A 6R robot has six joint variables, however, in the grinding process, the workpiece is always coplanar with the grinding tool as shown in Fig.8 (a) . Due to the existence of this constraint, there are only four degrees of freedom at the end-effector of the robot.
According to (McCarthy and Choe, 2011) , the 6R robot with two degrees of freedom reduced is a kind of planar motion mechanism. Locking the joints which generate the yaw motion is belong to this situation. As for KR15 robot, the fourth joint and sixth joint are response for yaw motion, these two joints must rotated in the opposite angle to ensure that the workpiece is parallel to the XOZ plane of frame {D} while the robot base is placed on the ground. We can set the joint variables to 0, which can greatly reduce the number of iterations and meet constraint conditions. So, we design the optimal variables as follows:
A typical genetic algorithm requires a fitness function to evaluate the solution domain. Every step of the sequence generates some output. The fitness function checks if this computed output is good enough, and updates the fitness score. If the fitness score increases, then the algorithm knows that it has taken a good step, else it knows that it probably has taken a wrong step. In this paper, we adopt the efficient optimization algorithm and choose the length of the semi major axis in the force direction as the optimization objective. The fitness function is given as follows:
Selecting the candidate for this optimization is not completely random but conditional random. The arm holding the objects needs to meet the constraints of the geometric structure of the grinding tool. Since the grinding tool is a disc shaped, the contact point is always on the circle. Then, we can establish the geometric conditions formula, as shown by the shape-pose equation in Eq. (20). We represent the contact point as (x, y, z). The center of the grinding tool is denoted by (x0, y0, z0). These two points meet the constraints of distance equal to r. 
Tian, Bowen Wang, Liu, Chen, Yang, Wenbin Wang and Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) We can solve this problem with the genetic algorithm tool in MATLAB, which can quickly define the problem, set the algorithm options and make the optimization problem more detailed. After the termination of the algorithm, the best adaptation of the objective function and the average fitness value increase and tend to be stable when the number of iterations decreases gradually. At this time, the variables corresponding to the optimal solution are shown in Table 2 . 
VALIDATION OF OPTIMAL RESULTS
In the last part of this paper, we set up a set of experiments to verify the effectiveness of the optimization results. We choose five groups of joint angles to compare with the optimal joint angles.
In this section, a typical robotic grinding system is used and the robot link parameters for these experiments are shown in Table 1 . The joint stiffness is the same as that used in the section 3, i.e. (6.88e+5, 6.88e+5, 3.78e+05, 2.12e+05, 8.14e+04, 3.10e+04 ) (Nm/rad). Moreover, the grinding tool is still installed on the base 0.18m off the ground. The workpiece is an aluminum plate with the size 350mm* 300mm*20mm. Shown in Table 3 are the five groups of arbitrary robot angles. Obviously, the angles should meet the constraints. As the grinding force is always along the cutting direction and feed direction, the deformation along the axial direction of the grinding tool is very small and has no effect on the surface quality. Thus, we just need to compare the deflections in the x and z directions. Fig.10 shows five groups of deflections in the x and z directions and the sixth value is the deflection of the optimal result. It can be seen from the figure that the deflection of the sixth group is the smallest in both x direction and y direction. Likewise, it must be the group with the smallest overall deflection. From this point of view, this optimization has improved the operational stiffness performance of the robot. In fact, the stiffness of the robot in different directions is not the same, such as the deflection of fifth group in x direction is much smaller than that in z direction. Obviously, the Optimized robots can maintain a large stiffness in both directions. It appears to be effective to use the method we proposed for improving the stiffness performance of robot grinding system.
Conclusions
This paper established the static stiffness model of a robot grinding system. Ignoring the robot link flexibility, we only focused on the effect caused by joint flexibility. Then, we calculated the deformation caused by the external force and drew a deformation relation graph. According to this paragraph, we proposed that it's feasible to evaluate the stiffness performance with a fixed contact angle. Furthermore, by using stiffness matrix of the Rayleigh quotient, the stiffness performance distribution map can be obtained. With the map as the foundation, we can easily select a high stiffness location. Then, according to the operational stiffness matrix characteristics, this paper built a stiffness ellipsoid. The length of the semi axis in the force direction was introduced as the fitness function. Through the genetic algorithm, we finally obtained the optimal operational configuration. Moreover, the optimization result was verified to be useful by comparing with five arbitrary robot pose. The deflection of workpiece has been significantly reduced. This method we proposed appeals to be effective for improving the stiffness performance of robot grinding system.
